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$G$ Grothendieck $G$ Burnside
[Dr75] . $G$ Burnside Mackey functor [TW95]
Burnside functor . Burnside functor , Mackey functor
$([\mathrm{L}\mathrm{e}81], [\mathrm{L}\mathrm{u}96], [\mathrm{B}\mathrm{o}97])$ . $G$ Mackey
functor $G$ Burnside functor quotjent functor
. Burnside functor Mackey functor
. , [TW95], , $|G|$
Burnside functor , subfunctor lattice (
diagram [BC87] $)$ . ,
, $G$ $P$ Burnside functor Loewy socle
. , $P$- Mackey functor
. , Mackey




$G$ $\mathcal{O}$ . $G$ $\mathcal{O}$ Mackey functor $M$ $G$
O-
$M$ : {subgroups of $G$} $arrow \mathcal{O}$-mod
3 O-
$I_{K}^{H}$ : $M(K)arrow M(H)$ (induction)
$R_{K}^{H}$ : $M(H)arrow M(K)$ (restriction)
$c_{g}^{H}$ : $M(H)arrow M(^{g}H)$ (conjugation) $(^{g}H:=gH_{\mathit{9}^{-1}})$
. , $K\leq H$ $G$ , $g\in G$ .
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(1) $R_{L}^{K}R_{K}^{H}$ $=R_{L}^{H},$ $I_{K}HIK=L$ $I_{L}^{H}$ $L\leq K\leq H$ .
(2) $c^{h_{H}}C^{H}=C^{H}ghgh$ $H\leq G$ $g,$ $h\in G$ .
(3) $R_{\mathit{9}K}^{g}H_{Cg}H=C_{gKK}KR^{H}K’ I_{g}ffHc^{H}c_{g\mathit{9}}^{K}=I^{H}$ $K\leq H$ $g\in G$ .
(4) $R_{L}^{H}I^{H}= \sum Kx\in 1L\backslash H/K]xI_{L\cap^{x}K}^{L}cR_{L}^{K}Lx\mathrm{n}Kx_{\cap}K$ $L,$ $K\leq H$ .
Mackey functor $M$ Mackey functor $N$ homomorphism $\theta=\{\theta_{H}\}$ O-
$\theta_{H}$ : $M(H)arrow N(H)$ , $\forall H\leq G$ ,
$K\leq H\leq G$ $g\in G$ .
$M(K)$ $arrow\theta_{K}$ $N(K)$
$\downarrow I_{K}^{H}$ $\downarrow I_{K}^{H}$
$\theta_{H}$
$M(H)$ $rightarrow$ $N(H)$ ,
$M(K)$ $\frac{\theta_{K\backslash }}{/}$ $N(K)$
$\uparrow R_{K}^{H}$ $\uparrow R_{K}^{H}$




$M(^{g}H)$ $arrow$ $N(^{g}H)$ .
2.2 , Example
$V$ OG- . $G$ $\mathcal{O}$ fixed point functor $FP_{V}$ $H\leq G$ $V$ $H$
$FP_{V}$ : $H\mapsto V^{H}:=\{v\in V|h\cdot v=v \forall h\in H\}$
O-
$\tau_{K}^{H}$ : $FP_{V}(K)arrow FP_{V}(H)$ (trace)
;
$v rightarrow(\sum_{h\in H/K}h)\cdot v$
,
$\rho_{K}^{H}$ : $FP_{V}(H)arrow FP_{V}(K)$ (inclusion)
; $vrightarrow v$ ,
$\sigma_{\mathit{9}}^{H}$ : $FP_{V}(H)arrow FP_{V}(^{g}H)$ (conjugation)
; $v\mapsto g\cdot v$




quiver $Q$ ( ) . $K\leq H\leq G$
$K\cdot\underline{I_{K_{\mathrm{t}}}^{H}},\bullet H$ $K \bullet\frac{JR_{K}^{H}}{\backslash }\bullet H$




A $\mathcal{O}$ $Q$ path [Be91] . Mackey functor (1)$-(4)$ (0’)
A $J$ .
(0’) $H\leq G$ $h\in H$ $I_{HHh}^{HHH}=R=c$ $H$ $0$ .
$\Lambda/J$ $G$ $\mathcal{O}$ Mackey algebra [$\mathrm{T}\mathrm{W}95|$ $\mu o(G)$ . $\mu \mathrm{o}(G)$ $\mathcal{O}-$
,
$\{I_{\mathit{9}L^{C_{\mathit{9}}}L}^{K}HRH\}$
. , $H,$ $K\leq G,$ $KgH$ $G$ $K$ $H$ $L$




$\mathcal{O}$ Mackey algebra $\mu \mathrm{o}(G)$ ,
$\{_{C_{1’ g}^{11}}CI_{1}cR1G, I_{1}GR_{1}G, IG\}$
.
3 Mackey functors and $\mu_{\mathcal{O}}(G)$-modules
Mackey functors Mackey algebra
, . , Th\’evenaz Webb [TW95]
Mackey functors $\mu \mathrm{o}(G)$ -modules .
3.1 Mackey functors $\mu o(G)$-modules




Example 22 fixed point functor . $G$ 2 , $\mathcal{O}$ 2
$k,$ $V$ $kG$ . ,
$FP_{kG}$ : $Hrightarrow kG^{H}$ .
, $G$
$FP_{kG}$ : $\{$ 1
$arrow$ $kG=<u,v|gu=u+v,$ $gv=v>$
$G$ $arrow$ $k=<w>$




$R_{1}^{G}$ : $warrow v$ $c_{g}^{1}$ : $\{$
$u$ $arrow$ $u+v$
$c_{g}^{G}$ : $warrow w$ .
$v$ $arrow$ $v$
, Mackey functor $FP_{kG}$ $\mu_{k}$ (G)-
$FP_{kG}(\iota)\oplus FP_{kG}(G)$
$=<u,v,w|I_{1}^{GcG}(u)=w,$$I_{1} v)=0,$ $R1(w)=v,$ $c^{1}(g)u=u+v,$ $Cg(1v)=v,$ $c_{g}^{G}(w)=w>_{k}$
.
3.3 $\mu o(G)$-modules Mackey functors
$A$ \mu o(G)- . , $H$
$M(H)=I_{H}H$ . $A$
, 3 O- induction, restriction, conjugation Mackey algebra
$I_{K}^{H},$ $R_{H}^{KH},$$cg$ $M$ Mackey functor . , Mackey functors
\mu O(G)- -- .
$M \mapsto\bigoplus_{H\leq G}M(H)$ .
, ; $M=\oplus_{H\leq G}M(H)$ . , Mackey algebra
sub, simple, projective, injective , Mackey functor
.
3.4 Example
Example 2.4 $\mathcal{O}$ 2 $k$ . $T=<c_{1}^{1},$ $c_{\mathit{9}1}^{1},.Ic>_{k}$ $\mu_{k}(G)$ (G)-
. $T$ Mackey functor Ii
$T:\{$
1 $arrow$ $I_{\iota 1’ g}^{1.11}T=<cc>_{k}$
$G$ $arrow$ $I_{G}^{G}\cdot T=<I_{1}G>k$










$c_{\mathit{9}}^{G}$ : $I^{G}1arrow c_{g1}^{G}I^{G}=I_{1}^{G}$ .
, $c_{g}^{1},$ $C_{1}^{1}+c_{g}^{1},$ $I_{1}^{G}$ Example 32 $u,$ $v,$ $w$ 2 Mackey functors
$FP_{kG}$ $T$ .
4 Simple Mackey functors
Mackey functor subfunctor lattice simple Mackey
functor , Th\’evenaz Webb [TW89]. , .
4.1 Unique minimal subfunctor $FP_{V}$
$\mathcal{O}G$- $V$ fixed point functor $FP_{V}$ unique minimal subfunctor ( simple Mackey
functor)
$S_{1,V}^{G}$ ; $H \mapsto(\sum_{h\in H}h)\cdot V$





$H$ $G$ . $H$ Mackey functor $N$ (induction, restriction, conjugation
, $t,$ $r,$ $c$ .) induction functor $N\uparrow_{H}^{G}$ $G$ $K$
$N\uparrow_{H}^{G}$ :
$K \mapsto K_{\mathit{9}^{H[}}\in\bigoplus_{HK\backslash G/]}N(^{g}K\cap H)$
$G$ Mackey functor . ,
$x= \sum_{GKgH\in \mathfrak{l}K\backslash /H]}x\theta\in\bigoplus_{\backslash KgH\in[KG/H1}N(^{g}K\cap H)=N\mathrm{T}_{H}^{c}(K)$
,
$L\leq K\leq G,$ $y\in N\uparrow_{H}^{G}(L),$ $s\in G$ $N\uparrow_{H}^{G}$ 3 $I;R,$ $c$
$R_{L}^{K}(_{X})\mathit{9}$ $=$ $r_{HL^{g}}^{H\cap K^{g}}\cap(_{X}\mathit{9})$ ,
$I_{L}^{K}(y)_{g}$ $=$







$N$ $G$ $G/N$ $Q$ . $Q$ Mackey functor $L$ (induction, restriction,
conjugation $t,r,$ $c$ .) inflation functor $\mathrm{I}\mathrm{n}\mathrm{f}_{Q}^{G}L$ , $G$ $K$
$\mathrm{I}\mathrm{n}\mathrm{f}_{Q}^{G}L(K)=$ $\mathrm{o}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{r}\mathrm{w}\mathrm{i}\mathrm{f}N\subseteq \mathrm{i}\mathrm{s}\mathrm{e}K$
.
, $N\leq K\leq H,$ $g\in G$ $R_{K}^{H/}=r_{K}^{H}/N’ IH=KK/N\mathit{9}\mathit{9}^{N}N/t^{H},$$c^{K}=cNK/N$
$G$ Mackey functor $t$
4.4 Simple Mackey functors
$NH$ $H$ $G$ , $NH/H=WH$ . $H$ $G$ $V$ simple
OWH- . $V$ $WH$ fixed point functor $FP_{V}$ unique minimal subfunctor
$S_{1,V}^{WH}$ $NH$ inflation functor $G$ induction functor $S_{H,V}^{G}$ ;
$s_{H,V}:=s_{H,V}^{G}=(\mathrm{I}\mathrm{n}\mathrm{f}_{WH}NHs1,VWH)\uparrow_{NH}^{G}$ .
Theorem 4.1 (Th\’evenaz-Webb) $S_{H,V}$ $G$ $\mathcal{O}$ simple Mackey functor .
, { $S_{H,V}|(H,$ $V)$ $G$- } $G$ $\mathcal{O}$ simple Mackey functor
.
simple Mackey functor .





4.5 Simple Mackey functors for cyclic p-group
, $G$ $P^{n}$ $P$ $C_{p^{n}}$ , $\mathcal{O}$ $P$ $k$
simple Mackey functor , $P$ $k$
$k$ . $C_{p^{n}}$ $p^{i}$ $C_{p}$ . $WC_{p^{i}}\cong C_{p^{n-}}$ .
$k$ . , $C_{P^{\mathfrak{n}}}$ $k$ simple Mackey functors Theorem
41 $n+1$
$s_{1,k},$ $s_{c_{\mathrm{p}},k},$ $Sc_{\mathrm{p}}2_{)}k,$ $\cdots,$ $s_{Ck},$$sn-1,cn,k\mathrm{p}$
.
4.6 Example
$G$ 2 , $\mathcal{O}$ 2 $k$ . , $G$ $k$ simple Mackey
functors $S_{1,k}$ $S_{G,k}$ . k-
$S_{1,k}$ : $\{$ 1
$arrow$ $k$
$G$ $arrow$ $0$










Burnside functor $G$ Burnside ring , Mackey
functor , O- .
5.1 Burnside ring
Burnside ring G- Grothendieck ring
, , O- . $G$ $\mathcal{O}$
Burnside ring $B(G)$ O-
{ $[G/H]|$ $H$ $G$ G- }
.
52 Burnside functors
$G$ $\mathcal{O}$ Burnside functor ( Burnside ring Mackey functor) $B^{G}$
$H$ $\mathcal{O}$- $B(H)$ 3 O-
$t_{K}^{H}$ : $B(K)arrow B(H)$
; $[K/J]rightarrow[H/J]$
$r_{K}^{H}$ : $B(H)arrow B(K)$
;
$[H/J] rightarrow KhJ\in[K\bigcup_{]\backslash H/J}[K/(K\mathrm{n}^{\mathit{9}}J)]$
$c_{g}^{H}$
, : $B(H)arrow B(^{g}H)$
; $[H/J]rightarrow[^{g}H/gJ]$
. , $J,$ $K\leq H\leq G,$ $g\in G.$ , Burnside functor $B^{G}$ $\mu o(G)-$




$G$ 2 , $\mathcal{O}$ 2 $k$ . Burnside functor $B^{G}$
$B^{G}$ : $\{$ 1
$arrow$ $B(1)=<[1/1]>_{k}$
$G$ $\prec$ $B(G)=<[G/G],$ $[G/1]>_{k}$






$[G/1]$ $arrow+$ $[G/1]$ .
6 Mackey algebra and Burnside functors
. , Burnside functors Mackey algebra
Burnside functors .
Proposition 61 (Th\’e\’evenaz-Webb) $G$ $\mathcal{O}$ , Mackey functor (
$\mu_{\mathcal{O}}(G)$ - )
$\mu o(G)\cong\oplus BH\uparrow GH$
$(H)$
. , $(H)$ $G$ $G$ - $\langle$ .
, Mackey functoI Burnside functor
. , Burnside functor $B^{G}$
. , – .
Theorem 62 $\mathcal{O}$ $p>0$ . , $G$ $\mathcal{O}$ Burnside functor $B^{G}$
, $G$ p- .
6.1 Example
$G$ 2 , $k$ 2 , Example 3.2 fixed point functor $FP_{kG}$




$1=S_{1,k},$ $2=s_{G,k}$ . , Example 53 Burnside functor $B^{G}$ $\mu_{k}$ (G)-
.
$<[G/G]>$ 2
$B^{G}\cong$ $<[1/1]>$ $\cong$ $1$
$<[G/1]>$ 2
125
$FP_{kG}\cong B^{1}\uparrow_{1}^{G}$ , Proposition 61 $G$ $k$ Mackey algebra
.
1 2
$\mu_{k}(G)\cong B^{1}\uparrow_{1}^{c_{\oplus}G}B\cong 2\oplus 1$
1 2.
6.2 Example
$G$ 4 , $\mathcal{O}$ 2 $k$ . , simple Mackey functors













$G$ $arrow$ $k$ .
Proposotion 61 Mackey algebra .
$\mu_{k}(G)\cong B1\uparrow 1GB\oplus\uparrow cG\oplus CB^{G}$ .
diagram [BC87] [We98].
1 2 3
/ $\backslash$ / $\backslash$ $|$
2
/ $\backslash$





Mackey algebra $\mu_{k}(G)$ , .
7 Results
.
7.1 Loewy and socle series
. $A$ $k$
. , $A$- $V$ radical Rad$(V)$ $V$
. $V$ Loewy series
$\mathrm{R}\mathrm{a}\mathrm{d}^{}(V)=V$, Rad $(V)=\mathrm{R}\mathrm{a}\mathrm{d}(\mathrm{R}\mathrm{a}\mathrm{d}i-1(\mathrm{v}))$ ,
. $i$ Loewy layer $\mathrm{R}\mathrm{a}\mathrm{d}^{i-1}(V)/\mathrm{R}\mathrm{a}\mathrm{d}^{i}(V)$ .
126
$V$ socle Soc$(V)$ $V$ . $V$ socle layers
$\mathrm{S}\mathrm{o}\mathrm{c}^{0}(V)=0$ , Soc $(V)/\mathrm{S}\mathrm{o}\mathrm{c}^{i-1}(V)=\mathrm{S}\mathrm{o}\mathrm{c}(V/\mathrm{S}\mathrm{o}\mathrm{c}^{i-1}(V))$
. $i$ socle layer $\mathrm{s}_{\mathrm{o}\mathrm{c}^{i}}(V)/\mathrm{S}\mathrm{o}\mathrm{c}^{i-1}(V)$ .
7.2 Uniserial quotient functor
$\mathcal{O}$ $p>0$ $k$ .
Lemma 7.1 $0\leq i\leq n$ $p^{n}$ $C_{p^{n}}$ $k$ Burnside functor $B^{C_{p^{\hslash}}}$




. , $S_{n+1}=0$ .
Proof. $C_{p^{n}}$ $P$
$S_{i}$ : $Prightarrow<[P/Q]|Q\leq Cp^{i}>_{k}$
. , 3 $k$- induction, restriction, conjugation $B^{Cp^{n}}$
Lemma 4.3 1
7.3 Results





if $i$ : even,
$\frac{n-1-|n}{\bigoplus_{j=0}^{2}}$
$s_{c_{p}}1^{n-}:1+zj’ k$ if $i$ ; odd.
. , $0\leq i\leq 2n$ .
Proof. Lemma. 7.1 $B^{Cp^{n}}$ diagram [BC87] . Lowey layer
simple Mackey functors .
$\iota$
Theorem 7.3 $B$ $p^{n}$ $P$ Burnside functor . , $B$
i { socle layer
$\mathrm{S}_{0}\mathrm{c}^{i+1}(B)/\mathrm{S}_{0}\mathrm{C}^{i}(B)\cong\{$
$(n-1)Scp^{n}-:,k$ $0\leq i\leq n-1$ ,
$S_{C_{\mathrm{p}k}}:_{-\hslash}$. $n\leq i\leq 2n$ .
.
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Proof. Theorem 72 socle layer simple Mackey functors .
Corollary 7.4 (i) $B\text{ }$ Loewy length } $\mathrm{h}2n+1$ .
(ii) $C_{\mathrm{p}^{n}}$ Burnside functor self-dual $n=1$ .
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